PERSISTENCE OF HOLDER CONTINUITY 
FOR NON-LOCAL INTEGRO-DIFFERENTIAL EQUATIONS 



KYUDONG CHOI 



Abstract. In this paper, we consider non-local integro-differential equations 
under certain natural assumptions on the kernel, and obtain persistence of 
Holder continuity for their solutions. In other words, we prove that a solu- 
tion stays in C@ for all time if its initial data lies in C 3 . This result has an 
application for a fully non-linear problem, which is used in the field of im- 
age processing. The proof is in the spirit of 1181 where Kiselev and Nazarov 
established Holder continuity of the critical surface quasi-geostrophic (SQG) 
equation. 



1. Introduction and the main result 
Let N > 1 be any dimension. We consider the following evolution equation 

(1) d t w(t,x) = [w(t,y) -w(t,x)]K(t,x,y)dy 

where K satisfies the weafc-(*)-kernel condition, which will be given in Definition 
11.21 The above integral is understood in the sense of principal value. More precisely, 
we denote the integral operator Tj and for e > corresponding to any given 

kernel K at time t by 

(T t K ) e (f)(x) = [ [f(x)-f(y)]K{t,x,y)dy and 

J \x~ y | >e 

(T t K )(/)(*) = hm(lf ) e (/)(x). 

e— i-0 

Then, ((TJ) is equivalent to (d t w)(t,x) + T^(w(t, -))(x) — 0. Related to the above 
singular integral, there have been many interests recently, not only from the field 
of analysis, but also from the field of probability (e.g. Caffarelli and Silvestre [BJ, 
Schwab [23], Bass and Levin [2J, Jacob, Potrykus, and Wu [TB], and Chen, Kim, 
and Kumagai [9]). 

Our main concern is to obtain a priori estimate for solutions of (p} . The aim is 
to prove the result [4] of Caffarelli, Chan, and Vasseur with different techniques (a 
similar result for the stationary case was obtained by Kassmann in [17)). In particu- 
lar, we prove persistence of Holder continuity in L°°(0, oo; C^(R N j), which is a new 
result, by observing the evolution of a dual class of test functions. This class, which 
appears in the work of Kiselev and Nazarov [18 , plays a similar role of the dual 
space of C 3 . They obtained, in [T5], Holder regularity for solutions of the critical 
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surface quasi-geostrophic (SQG) equation. It is interesting to compare this method 
with that of Caffarelli and Vasseur [7]. In [7], the estimate C^([t, oo) x R N )) for 
any t > was proved by using a De Giorgi iteration technique (for other different 
proofs, we refer to Kiselev, Nazarov, and Volberg [19] and Constantin and Vicol 

ma)- 

We define the (*)-kernel condition on the kernel K. 

Definition 1.1. Let < a < 2, < ( < oo, < u> < a and 1 < A < oo (for the case 
a > 1, three more parameters i>, sq and t, which are satisfying (a — 1) < v < 1, 
< so < oo, < t < oo and v + u) < min{./V, a}, are needed). Then we say 
that a measurable function K : [0,T] x 1* x l w — > [0,oo) satisfies the (*)-kernel 
condition on [0,T] for the parameter set {a, £, w, A} (if a > 1, for the parameter 
set {a, C, w, A, sq, t}) if the following conditions hold for all finite t £ [0, T]: 



(2) Symmetry in x, y: K{t,x,y) — K(t,y,x), ioi x,y £ 



(3) 

Bounds: A" 1 -l\ x ^y\<c < K(t, x,y)\x-y\ N+a < A-(l+\x-y\ u ) for x,y £ R N . 

For convenience, we define the associated function k by k(t,x,z) = K(t,x,x + 
z)\z\ N+a . Then the above two conditions are equivalent to k{t 1 x, y — x) = k(t, y, x — 
y) and A -1 • l| z |<< < k(t,x,z) < A • (1 + \z\ u ), respectively. 

Only when a > 1, we assume one more condition: 
Local Holder continuity: sup \k(t,x,z) - k(t,x,z)\ ^ ^ ^ x£R n_ 

\z — z\<so,\z\<so \Z Z\ 

We present the definition of the u>eafc- (*)-kernel condition, which is slightly 
weaker than the above (*)-kernel condition in Definition ll.il 

Definition 1.2. Under the same setting of the parameters in Definition 11.11 we 
say that K satisfies the u;eafc-(*)-kernel condition on [0,T] if K satisfies ([2]) and 
(j3|) for the case a < 1. If a > 1, we ask K to hold the following condition ([5]) as 
well as ^ and 



(5) Cancellation: / k(t, x, so)odo < t ■ s v for s £ (0, sq) and for x £ 



j,N 

X, SU )ULLU \ 7 • 1UI a t= \\J,SQ) clllU 1U1 ^ C JF 

where <r is a surface element on the unit sphere /5 ,JV_1 C 



Remark 1.1. The (*)-kernel condition in Definition 1 1 . 1 1 implies the weafc-(*)-kernel 
condition in Definition 11.21 Indeed, for the case a < 1, they are exactly same. If 
a > 1, then the only difference between them is that the (*)-kernel condition needs 
(HI while the weafc-(*)-kernel condition requires (|5|). Also, it is easy to verify that 
Q implies (|5|) up to a constant by the following argument: for any s £ (0, sq/2), 

k(t,x,so)odo = / k(t,x,sa)(jd<T + / k(t, x, so)odo 



< 



k(t, x, so) — k(t, x, — so) 



do. 
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where S*^" 1 and S N ^ are the upper and the lower hemispheres, respectively. Then, 
thanks to (j4}, we have 



< 



/ r 


2sa 


Is"- 1 





da < (Cr) • a" 



Remark 1.2. In the work of [4], the upper bound for k is just A while, in this paper, 
we have A ■ (1 + \x — y\ u ) in ([3]), which is slightly more general than that of [I]. 
Some examples with the upper bound ([3]) can be found in Section 4 of Komatsu 



Remark 1.3. The purpose of the condition ([5|) with (a — 1) < v is to consider 
T t if (/)(-) not only as a distribution but also as a locally integrable function. In 
general, without such an additional cancellation condition, if a > 1, then T^(f)(x) 
is not well-defined even for / e C^°. In Lemma [2~2l and Lemma [2~Tl it will be shown 
that as long as the corresponding kernel K satisfies the weafc-(*)-kernel condition, 
the operator is well defined, and T^{f) is a locally integrable function for some 
class of functions /. 

Remark 1.4. Let the kernel K satisfy the weafc-(*)-kernel condition for some a > 1. 
Then we can combine the two conditions ([3]) and (O in order to get an estimate 
of the integral in |5|) for all s G (0, oo). Indeed, the condition ((3]) implies that, for 
s e [sojoo), 



k(t, x, sa) da < CA • (1 + s") < (CA • S q V ) ■ s v • (1 + s u ). 

-1 

Thus, together with the condition JSJ), we have, for 5 € (0, 00), 



(6) 



/ k{t,x,sa)ada < f ■ s" ■ (1 + s w ) 
is"- 1 



where t := max{r, (CA • s 



Remark 1.5. We present some typical examples satisfying either the (*)-kernel con- 
dition or the weaA:-(*)-kernel condition. 

(I) For the simplest example, if K := c a /\x — y\ N+a (i.e. k := c a ), then the 
equation {T]) becomes the fractional heat equation (some regularity results can be 
found in Caffarelli and Figalli [5]). This kernel satisfies the (*)-kernel condition. 
Indeed, |2j) and ((3]) are trivial. For a > 1, since A; is a constant function, ((4]) holds 
for any v € (a — 1, 1) with r = and sq = oo. 

(II) One may assume that the kernel has the form not of K (i, x, y) but of 
K(t,x — y) (for more general cases, we refer to Silvestre [25]). Then the natu- 
ral symmetry we would impose to the kernel is K (t, x — y) = Kit, y — x), which 
implies ([2]) directly. This K holds the weafc-(*)-kernel condition for any a € (0, 2) 
once we assume the bounds condition ©. Indeed, for a > 1, the integral in ([5]) is 
always zero due to the cancellation from the symmetry (i.e. any v G (a — 1, 1) with 
t = and sq = oo works). 



Here is our main theorem about persistence of Holder continuity. 
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Theorem 1.1. Let {a, C, w, A} (for the case a > 1, {a, C, w, A, v, so, t}) be a set of 
the parameters in Definition ll. 1[ Then there exist two constants f3 > and C > 
with the following two properties (I) and (II) : 

(I) . Let w G (L 1 n L°°)(R N ) be a given function and let < T < oo. Let 
K satisfy the (*) -kernel condition on [0,T] ('see Definition ll. Then there exists 
a weak solution w of ^ on (0, T) satisfying the following estimates for a.e. t G 
(0,T): 

(7) IMV)llc*(R*) <C-IKIIc*cr") ^oe^(l N ), 

(8) ||w(t, Ollc^R") < C ■ max{l, ■ ||wo||l°°(r«), 

(9) ll^(i,-)llcf(R«) < c(J|u;o||l~(r«) +max{l, {N+0 y a } ■ ||wo||li(R n )) ■ 

(II) . Let wq G C°°(]R Ar ) be a given function and let < T < oo. Let K satisfy 
the weak-(*)-kernel condition on [0, T] (see Definition ] 1.2\) . In addition, we assume 

(10) fc(,v)eC™ z ([OT]xFxF). 

Suppose that w G L°°(0,T; L 2 (M W )) is a smooi/i solution of Q on [0,T) x R w /or 
i/ie initial data wq. Then, w satisfy ([7|) ; |8|). and (|9]) /or any t G (0,T). 

We concentrate our effort first to prove the part (II) of the above theorem in 
Section [21 [3j and |H In fact, we will show the part (i7) carefully to ensure that 
the two constants C and [3 in the conclusion of the part (II) depend only on the 
parameters in Definition 11.11 Thus, these two constants C and (3 depend neither 
on T nor on any actual norms coming from the smoothness assumption flTUl) . As a 
result, the part (I), which will be proved in Appendix, follows the part (//) by a 
limit argument. Unfortunately, if a > 1, then we need the condition Q, which is 
more restrictive than ([5]). 



Remark 1.6. More precisely, the conclusion of the part (I) follows once we regularize 
the function k in a proper way, which should keep all the parameters. In short, since 
k may not be bounded due to (j3)), we make it bounded first. Then take a convolution 
with a mollifier. This process does not hurt the parameter set essentially if a < 1. 
However for the case a > 1, the cancellation condition ([5]) is not preserved during 
the process. That is the reason we impose the (*)-kernel condition to the part (J) 
of Theorem 1 1 . 1 1 instead of the weafc-(*)-kernel condition. 

Remark 1.7. Thanks to the symmetry condition @, we use the following weak 
formulation of (TTJ): 

/ (d t w)(t,x)n(x)dx+ - ff [w(t ) x)-w(t,y)][rj(x)-r](y)]K(t ) x ) y)dydx = 

JR« ^ J JW N xK N 

for //(■) G C™(R N ) and for a.e. t (e.g. see g] or [17]). 
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As in [4], we show how our result can be applied to a fully non- linear problem. 
We introduce the following non-linear evolution problem: 

(11) d t 6(t,x)- f <t>'(6(t,y)-9(t,x))G(y-x)dy = 0. 

This equation can be considered as the evolution problem coming from the Euler- 
Lagrange equation for the variational integral 

// ( f>(e(t,y)-9(t,x))G(y-x)dydx 

J JR N xR N 

(for more detailed explanation, see [4]). This non-linear problem can be found in 
Giacomin, Lebowitz, and Presutti [13], or in the field of image processing (e.g. see 
Gilboa and Osher [T5], Lou, Zhang, Osher, and Bertozzi [23]). 

We impose the following conditions to the equation (TTTT) . 

Let < a < 2, < ( < oo, < lu < a and 1 < A < oo (for the case a > 1, we 
need two more parameters v and M such that (a — 1) < v < 1, < M < oo, and 
v + uj < min{A, a}). Let cf> : R — > [0, oo) be an even function of class C 2 satisfying 

0(0) = and VvF T < <f>"(x) < VX, xeR. 
We assume that the kernel G : R^/jO} [0,oo) satisfies G(-x) = G(x) and 

(12) \/A ZT • l^i^ < G(x) ■ \x\ N+a < VI • (1 + \x\ u ) for x € R N /{0}. 

Let 0o S (W 1,1 n W 1,00 )(R N ) be a given function. For the case a > 1, we assume 
further 

e C^R) with [0"]c"(b) • I|V0 o |Il~( R «) < M. 

Remark 1.8. The upper bound (fT2|) for G(-) is Vv\- (1 + and it is more flexible 
than that of [4j , where just y/A was used as the upper bound. 

Following the approach of [3], we present the following important consequence 
of the part (II) of Theorem O 

Theorem 1.2. We have two constants f3 > and C > which depend only on 
the above parameters, and there exists a global-time weak solution 9 of the equation 
(|11| with the following estimates for a.e. t € (0,oo): 

(13) ||V0(V)ll^(R") <°- IIV^oMr") if VfloSC" 3 ^), 
l|V0(£, Ollc^R") < C ■ max{l, • llV^ollz,^^), and 

Oil C' 3 (i N ) < C^||V^o||ioo(MW) + max{l, t{N+0)/a 

The main idea of the above theorem 1 1.2 1 is the following: First, we regularize 9o, 
G, and in a proper way so that we obtain a sequence of smooth solutions of (fTT|) . 
Then, we take a derivative (w :— D e 9) to the non-linear equation (flT|) . and we 
freeze some coefficients. As a result of this process, we obtain the linear equation 
(Jl) together with the uieafc-(*)-kernel condition on the K satisfying (flO|) . Thus, we 
can use the conclusion of the part (II) of Theorem 11.11 Finally, we extract a weak 
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solution by a limit argument. This proof will be given in Appendix. 

Now we want to explain the main idea of the part (II) of Theorem 11.11 which 
is the heart of this paper. As mentioned earlier, our proof follows the spirit of the 
paper [18] . First, thanks to the duality of the equation ([T]) from the symmetry 
condition ([2]), we can focus only on the evolution of U r , a class of test functions, 
which is related to the dual space of the Holder space C@ (see Definition [273] of U r , 
Lemma [2.41 and Lemma f 2 . 5 1) . In this paper, we take the same definition of the 
class U r from the paper [TS] while other classes can be found in Dabkowski JT3] and 
Chamorro [8]. In particular, the class introduced in [12] is quite different from that 
of [18] and it was successfully used to obtain eventual regularity of the super-critical 
surface quasi-geostrophic (SQG) equation. 

Second, we prove the short-time evolution of test functions (Proposition 13.11) . 
In order to obtain it, we need to manage the competition (refer to Remark 13. 4[) 
between the L p condition and the concentration condition. The former condition, 
which can be proved from the lower bound A -1 • 1m<£, of the kernel has a regu- 
larization effect (Lemma 13.41 Lemma 13. 5j) as a diffusion term in usual PDEs does. 
However, the latter condition comes from the upper bound A ■ (1 + \z\ u ) of the 
kernel and this upper bound plays a similar role as a source term in usual PDEs 
(Lemma I3.3[) . 

In addition, since the length of the time interval coming from the conclusion 
of Proposition 13.11 is proportional to r a where r is the parameter of U ri it should 
be verified that we can repeat the short-time evolution (Proposition 13. lj) as many 
times as we want in order to reach any fixed time (refer to Remark 14. ip . 

For the case a < 1, the main difficulty is to handle both lower and upper bounds 
(J3| of the kernel: in particular, both the finite size £ of support of the lower bound 
and the term (1 + \z\ u ) of the upper bound cause some troubles. In order to cover 
the case a > 1, we use the cancellation condition ([5]), which is designed to cancel 
desirable amount of singularity at x = y of the kernel. Then we can interpret T t K (f) 
as locally integrable functions for some class of functions (see Lemma 12.11 Lemma 
12. 2p . This fact will be crucial to prove the concentration condition (Lemma l3.3|) . 

We want to mention a few articles related to the integral operator Tf- corre- 
sponding a kernel K . For smooth bounded kernels, we may use a theory of pseudo 
differential operators (e.g. Kumano-go [22], Komatsu [20]). while for measurable 
kernels, there exists a fundamental solution (see [21]). Also, we refer to [17] and 
Barlow, Bass, Chen, and Kassmann pQ. Recently, in Dyda and Kassmann [13], 
assumptions of kernels have been extended in some geometrical sense. If we focus 
on non-divergence case, we refer to [6]. 

As mentioned before, the following three sections [2] [3] and [4] are dedicated to 
the proof of the part (II) of the main theorem ll.il More precisely, in Section [2] we 
introduce some definitions and few important lemmas. After that, we present and 
prove the main proposition 13.11 in Section [3] Finally, the proof of the part (II) of 
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Theorem 11.11 ends in Section |4] At the end of this paper, Appendix contains the 
proofs of the part (/) of Theorem 11.11 and Theorem 11.21 

2. Preliminaries and lemmas 

From now on, we fix a parameter set {a, C,w,A}, which appears in Definition 
11.11 (for the case a > 1, {a, C, lj,A,i>, sq,t}). Also, suppose that K satisfies the 
u>eafc-(*)-kernel condition in Definition 11.21 on the parameter set together with 
the smoothness assumption (flu) . For the case a < 1, we define and fix a con- 
stant 7 such that < 7 < (a — u) while, for the case a > 1, we take 7 to be 
max{(a - N),0} < 7 < (a - (uj + v))). 

Before considering a general C € (0, 00], we will prove first the conclusion of the 
part (II) of Theorem 11.11 for a fixed C = Co where 

(14) Co:=max{(— ) ,2 -(11)^} 

(Vjv is the volume of the unit ball in R^). This definition of Co will help us to 
obtain enough regularization directly so that the proof becomes more straightfor- 
ward. Once we prove the part (II) of Theorem 11.11 with £ = Co, a general proof 
for any value C G (0,oo] will follow a scaling argument. Indeed, the case C > Co 
is included in the case C = Co because {\x — y\ < Co} C {\x — y\ < (}. On the 
other hand, for the case C < Co, we define a scaling: w e (t,x) = w(e a t,ex) and 
K e (t,x,y) = K(e a t,ex,ey). Thus, if w satisfies ((T|) on [0,T] for a kernel K with 
C < Co, then w e is a solution on [0, T/e a ] for the kernel K e with a new C = Co once 
we pick up e by e = C/Co- Then we can apply the part (IT) of Theorem 1 1.1 1 for w e 
and the same result for w follows. 

In this paper, we denote Sobolev spaces by W k,p and H k := W k ' 2 for integers 
k > and for p £ [1, 00] in the usual way. In addition, the symbol S is used to 
represent the Schwartz space in M. N . 

Definition 2.1. We say that a function / lies in C k (R d ) for an integer k > if 
/ is fc-timcs diffcrcntiablc in R d and all derivatives up to k order arc continuous, 
while / lies in C k (R d ) if / e C k (R d ) and if V*/ are bounded for all integer I such 
that < I < k. In other words, C k (W) = C k (R d ) n W k '°°(R d ). 

Definition 2.2. We say that a bounded function / lies in C p (R d ) for < /3 < 
1 if 8up x l) — f(y)\/\x — y\° is finite and we define the semi-norm [f]ce '■= 
sup xy \f(x) - f(y)\/\x - y\P and the norm \\f\\ cf > := \\f\\ L °° + [f]ct>- We also 
define the space C k >P(R d ) by the norm \\f\\ C k,/> := \\f\\ W K°° + [V fe /]c^ 

It will be shown in Lemma [2~2l that the operator T t (/) is well-defined pointwise 
for / e (C 2 n L 1 )(R Ar ). Moreover the operator can be extended to more general 
spaces. For example, if / is locally integrable and J 1+ \ x \P+ a -u dx < 00, then we 
can define T^(f) as an element of S' where S' is the dual of Schwartz space S (see 
also Silvestre [26] ) . We will make use of the following Lemma 12.11 which says that 
T^(\ ■ | 7 ) is not only an element of S' but also a locally integrable function with 
a desirable estimate. This fact will be used to obtain the concentration condition 
fLemma l3.3[) for the evolution of U r , which will be introduced in Definition 12.31 
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Lemma 2.1. We have an estimate 



T, 



K 



(i-r)(x) 



< 



C -\x\^- a ■(l + \x\ u: ), ifO<a<l, 
C- \x\~f- a - (l + \x\ u+u ), ifl<a<2. 



Remark 2.1. Recall that 7 is a fixed constant such that < 7 < a — ui (for a > 1, 
max{(a - N), 0} < 7 < (a - (w + iv))). 

Proo/. 



/ 


M 7 -M 7 







or ' — a; -+- z 



lR N 

= \xP 



J^WT^ k{t,x,z)dz 

1 _ I JL. 4. * |7 



T^lv+S k(t,x,z)dz. 

Then we use the change of variables ifr = z and the polar coordinate to get 



17-a 



,17-a 



s™- 1 Jo 



00 1 - llfr + scr l 7 

— — k(t, x, \x\sa)dsda 



-A+a 



([ (' ■■■dsda+f f ■■■dsdo) = \x\~«- a ({I) + (71) 

Ws«-i Jo Js N - 1 Jl/2 ' ^ 



(II) 



< A 



dsda < (7(1 + 



1/2 

From the condition 7 + w < a, we have 

/" f 00 (2 + sT)(l + |a;| u; s") 

/s«-i A/2 

On the other hand, from Taylor expansion 1 ~ lyfy + scr | 7 = — 7(]f| ' a ) s + R<j(s) 
with an error estimate |i?,j(s)| < Cs 2 for s € [0, 1/2] and a € S*^ -1 , we have 

r-1/2 



< 



f r 1 * x s 

J S N-l j \X\ S l + a 

1 / 2 1^)1(1 + 



A 



-1/2 1 

<c I - 



s"- 1 Jo 

k(t, x, \x\sa)ada 



l+a 



dsda 



S N- 



ds + C • - ' ' • A 

2 — a 



= C ■ (III) + C ■ (1 + \x\"). 
For the case a < 1, (///) is bounded above by C ■ (1 + 

If a > 1, we can use the condition (j6|), which is obtained from ([5]) and (j3]), together 
with v > [a — 1): 



1/2 -, 

(///)< / — f|x| l/ s ,y (l + |a;|" S w )ds<f|xr-(l + |2;| w ) 



1/2 



-ds 



<c-(i+\xn-\x\ v . 



□ 



PERSISTENCE OF HOLDER CONTINUITY FOR INTEGRO-DIFFERENTIAL EQUATIONS 9 

We give, in the following lemma, some properties of the integral operator 
and the related evolution equation (JT]). 

Lemma 2.2. For any f G C 2 (R N ) n L 1 (R Af ), T t K (f) is well-defined pointwise. 
Moreover, the following properties hold: 
(I). Duality of T: 

(15) / f(x)T t K (g)(x)dx = [ T t K (f)(x)g(x)dx, 



for f e C 2 (R N ) n L 1 ^) and either g € C 2 {R N ) H L 1 ^ 1 *) or g(x) = \x\i . 
(II). Mean zero of T: 

r T t K (f)(x)dx = 0, 



/or/eC 2 (M Ar )nL 1 (M JV ). 

Proof. Let / e C 2 (R N ) n L 1 (M JV ). Then, we have 

T t K (f)(x)= [(f(x)-f(y))K(t,x,y)dy = [ l^t-^±A k {t,x,z)dz 



\z\ N+a 

o J s N - x r 

f(x) - f(x + z) 

^— fc(t, a;, z)dz = (a) + (b). 

\z\>l z 

where we used the Taylor expansion of / in the first integral. 
For (b), we use the upper bound of 

<A[ (\f(x)\ + \f(x + Z )\)l±^ldz 

J\z\>l V ' \ z \ 

< 0\f{x)\ I , m \ n _J z + C [ \f(x + z)\dz 

z|>l 



|>! \Z\ N +"-" 

<C\f(x)\ + \\f\\ L ,. 



For (a), if a < 1, we use \Rf(x, ra)\ < C ■ || V 2 /|| L oo( Bx ( 1 )) • r 2 from the Taylor error 
estimate where B x (r) is the ball of radius r centered at x: 



1 r „„_,„„ f 1 r 2 



|(a)|<qv/(x)|- / +C||V 2 /|| L » (Sx(1)) 
Jo r 

< c(\Vf(x)\ + ||V 2 /IU~( Slc (i)) 
If a > 1, we use the condition (J6]) with the assumption (a — 1) < v: 

(o)<C|V/(i)|- / 4 / k(t,x,ra)ada dr + C\\V 2 f\\ L ~ [B]s{l)) 
Jo r Js™- 1 

<C\Vf(x)\- f ±-r»dr + C\\V 2 f\\ L ~ {BxW) 



< <7(|V/(aO| + ||V a /IU-(fl.(i)), 
Now we can easily verify that T^{f ) is well-defined pointwise. 
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Note that if / G C 2 (R N ) n L 1 (R Ar ), then the above argument implies T t K (f) G 
L°°. Then, the proof of (I) follows the symmetry in x, y of K. Indeed, if /, g G 
C* 2 ^) ni 1 ^"), then we have 



(16) 



f(x)T t K (g)(x)dx= I I f(x)(g(x) - g(y))K(t,x,y)dydx 

(f(x) - f(y))(g(x) - g(y))K(t, x, y)dydx 
(f(x) - f(y))g(x)K(t,x,y)dydx 
T t K (f)(x)g(x)dx. 



In addition, for the case / G C 2 (R N ) H L 1 (M iv ) with gi(ar) = then the integral 
J \f(x)Tf (g)(x)\dx is bounded due to the assumption / G L°° n L 1 with Lemma 
12.11 Indeed, Lemma |2~T1 implies that (| • | 7 ) is intcgrable in the unit ball contain- 
ing the origin and is bounded outside of the ball. Then, together with / G L^DL 1 , 



( . . r. > .-. r i 

argument 



we obtain / • T/^ (| • | 7 ) G L 1 . Thus all equalities of (TTBl can be justified via a limit 



To prove (//), we take g G C,? such that 5 = 1 in 5(1) and supp(g) C -B(2) 
and define g„ by <7 n (-) := g(-/n). Then, thanks to the property (!) with g ni the 
conclusion follows by taking a limit n — > 00. □ 

In the following lemma, we present a maximum principle for solutions of (fTj). 

Lemma 2.3. Suppose that w G L^°(L^° nLj) is a smooth solution of fT}. Then, 
the following properties hold: 

(I). For any C 2 convex function rj : R — > R, we /lave 

(17) d t (vM)+T t K (r,(w)) <0. 
(77). LP — norm is non-increasing for 1 < p < 00: 

(18) ||u;(i, -)IIlp(r«) < lk(s, •)IIlp(b«) for any s < t. 

Remark 2.2. Also we assume that the solutions are smooth. However the estimate 
of the result does not depend on this smoothness. 

Proof. To prove (J), we multiply rf{w) to the equation (JTJ) to get dt(j)(w)) + 
r)'{w)T t K (w) = 0. Then it is enough to show r]'(w)T t K {w) - T t K (r,(w)) > 0. Using 
the integral representation of , we have 

V '(w(x))(T t K (w))(x)-(T t K (r ] (w)))(x) = 

(w(x) - w(y))K(x, y)rj (w(x))dy - J {r](w(x)) - r,(w{y)))K(x, y)dy 

(r)' (w(x))(w(x) - w(y)) - (r](w(x)) - r](w(y)))j K(x,y)dy > 
because rf(a)(a — h) — (77(a) — ??(&)) > from convexity of r\. 
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To prove (II), for p > 2, we use (fT7|) with putting rj(-) = | • \ p and taking an 
integral in x variable in order to use (//) of Lemma 12.21 For p < 2, we need to 
regularize ry(-) = | • | p first. □ 

Now we adopt the notion of the class U r of test functions following the paper 
[18] . Let A > 1 be a constant which will be chosen later. 

Definition 2.3. We say that a measurable function ip(-) on lies in U r for some 
r € (0, oo) if 99 satisfies the following four conditions: 



ip(x)dx = 



the mean zero-condition, 



/ \* X )\\* for some , e the concentration-condit 
Jr n 



ion, 



.4 



the L°°-condition, and 

||¥'||i 1 (R- N ) < 1 t nc £ -condition. 
In addition, we say that (p lies in aU r for some a > when (l/a)ip € U r . We call 
x a center of yj. 

The following lemma connects between C' 3 space and U r , which tells us that 
r~^U r plays a similar role of the dual space of C@ . 

Lemma 2.4. Let f3 be any constant such that < (3 < 7. 
(I) Then we have 

w(x)ip(x)dx 



J 

JR N 



< r p w 



cf>(m N ) 



for any w £ C^(M. N ), for any < r < 00, and for any ip eW r 



(II) Conversely, we have a constant C such that 

if a bounded function w satisfies sup r~ 

v esnu r ,a<r<i 

then w £ C° and 



Jr3 w(x)<p(x)dx 



< 00, 



(19) \\W\\ C P(UN)<C-(\\W\\ 



sup r 

(pesnu r ,o<r<i 



w(x)tp(x)dx 



Proof. For the part (I), let xq be a center of <p. Then, from the mean zero property, 



< to 



< ID 



w(x)(p(x)dx <| / (w(x) — w(xo) )<p(x)dx 

./ton V / 



R w 

x — xq\ \<f(x)\dx 
\x — xo\ 7 \ip(x)\dx 



\<f(x)\dx 



(7-/3)/7 



For the part (II), we recall Littlewood-Paley projections Aj, which is defined by 
Aj(w) = w * ^2-3 where * t (a;) = t~ Ni If(x/t) and = r?(£) - 77(2^) with 

V € C* °°,0 < r?(0 < 1,77 = 1 for |£| < 1 and 77 = for |£| > 2. We use the 
characterization of in terms of Littlewood-Paley projections (see Stein [27]). 
Indeed, if a bounded function w in M. N satisfies 

sup 2 /3j ||A J (u;)|| L oo (R iv ) < 00 
3=1,2,3,- 
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then w lies in C^QR. ) and it has the estimate 

IM|cys(RN) < Ci(lklk»(K^) + SU P ^IIAj^Hioo^jv)) 

j=l,2,3,- 

where C\ depends only on f3,N and the choice of ^. In order to show (|TT)1) . it 
is enough to find < a < oo such that £ °^2 -1 f° r all J > 1 because 

Aj(w)(a;) = L 3 w(y)\E , 2 -j — y)dy and W r is translation invariant. 
It is clear that ^ is a Schwartz function from the fact 77 £ C§°. Thus we can take 
a := ||*||loo( R 3) + ||*||ii(R3) + J RN |^>(x)||x| 7 dx < 00. Then, for any r > 0, we have 

(l/o)* P = (l/o) /* = (l/o)*(0) = 0, 

||(l/a)* r |U- < (l/ajr-^ll^lli- < r- N < A 
||(l/o)* r || £ i < (l/a)\\*\\ L i < 1, and 



□ 



\(l/a)V r (x)\\xpdx = (l/a)r 7 ■ / |*(a;)| |x| 7 da; < r 7 . 
Thus JT9) follows with C = C\ ■ max{l, a}. 



We define the backward kernel corresponding to any finite time T < T and 
to the kernel K by 

(20) K^(s,x,y)=K(T-s,x,y). 

Then it is easy to see — and they share the u;eafc-(*)-kernel condition 

with the same parameter set. 

Lemma 2.5. Let w, (p € L°°(0, T; (L 1 n L 00 )^)) 6e too smootft solutions of {J) 
wii/i T < 00 for each smooth initial data wo,ipo £ (L 1 PI L 00 )(IR Ar ) and /or eac/i 
associated kernels K and K^ T \ respectively. In addition, we assume tpo € H S 
for some r 6 (0, 1] . Then, we have 



wo(x)ip(T,x)dx = / w(T,x)ipo(x)dx. 



Proof. Let i e [0,T]. Then, we have 
d 



dt 



w(t, x)tp(T — t, x)dx 
(d t w)(t,x)ip(T — t,x)dx — / w(t,x)(d t <p)(T — t,x)dx 



Tf(w(t,-))(x)tp(T-t,x)dx + / w(t,x)T£_ f (ip(T - t, ■))(x)dx. 



Then, we use Lemma O and the fact T t K = to get 



Tf{w(t,-))(x)<p{T -t,x)dx+ / T£_ J (w(t,-))(x)ip(T-t,x)dx 
T t K (w(t,-))(x)(p(T -t,x)dx + / T t K (w(t,-))(x)ip(T -t,x)dx = 0. 
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As a result, we conclude that L 3 w(t,x)tp(T — t,x)dx is constant in t. Then put 
t := and t := T. 



We are ready to present the main proposition about the evolution of test func- 
tions in a short time interval, whose length is proportional to r a . Roughly speak- 



ing, if ipo G U r , then there exist z = z(r,s) and /3 such that (fi(s) G ( IA Z for 



s G [0,Sr a ]. 

Proposition 3.1. There exist constants A > 1, 5 > 0, L > and (3 > with the 
following property: 

Let < r < 1 and (po € lA r fl S . Then, there exist a smooth solution tp G 
L°°(0,T; (L 1 n J L°°)(R JV )) of (TTJ) with the initial condition tp(0) = ip . Also, for any 
s € [0, min{i5r a , T}], we have 



Proof. Let ip £ U r f] S for some < r < 1. Then there exists a weak solution ip 
corresponding to the initial data ipo (this can be proved by following [3T] . Or refer 
to the approximation scheme in [4]). Moreover this solution is smooth, and it lies 
in f or every integer b > due to the smoothness assumption (| 10[) of k (it 

can be proved by using a standard energy argument). 

First we state the following elementary inequalities without proof. 

Lemma 3.2. (I). (1 - x) < for x > 0. 
(II). (1 + \x) < (1 + xf for any0<x < 1 if < 77 < 1. 
f/JJj. (1 + x) 1 * < (1 + ^) for any x>0 if <i]<l. 
(IV). (1 + xY> < (1 + 277a;) /or ant/ < z < C J( i/ry > 1. 

In order to obtain (|21l) . we need to verify the mean zero, the concentration, the 
L°° , and the L 1 conditions. First the mean-zero condition is easily verified in STEP 
1. Second, we derive some estimates for remained three other conditions in STEP 
2-4. Then, in STEP 5, we combine all the estimates we obtained in STEP 2-4 to 
finish the proof. Without loss of generality, we can assume that a center of ipo is 
the origin (i.e. xq = 0). 

STEP 1. Mean zero- condition. 
From (II) of Lemma [2~2l we have, for any t £ (0, T), 



□ 



3. The main proposition and its proof 




(21) 




where z(r, s) is defined by z(r, s) = r(l + L-^). 
Moreover, if r = 1, then 

(22) ip(s) € (1 + Ls)Ui for any s G [0, T). 
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STEP 2. Concentration-condition. 

Lemma 3.3. There exists a constant C conc > such that, for any s € (0,T), we 
have 

(23) / \v(a ) x)\\x^dx<ry{l+C amc A s ^ L -^-) 

where C conc does not depend on A as long as A > 1. 

Remark 3.1. This lemma says that test functions lose their concentration with 
certain rate as time goes on. In Step 5, it will be shown that the rate can be 
absorbed into the regularization effect from the L 1 and the L°° conditions. 

Proof. 

-j~ ( \v(s,x)\\x\' y dx= [ ^-(|^(s,x)|)|x| 7 dx 
ds J w n J w n ds\ J 

■ / -T a (\<p(a,x)\) -\xpdx 



< 



T. 



(W 7 ) ' \<p(s,x)\dx 
{\xp)\-\ip(s : x)\dx = (I) 



where we used Lemma 12.31 and Lemma [ 
First, consider the case a < 1. Then, thanks to Lemma \2.1l we have 

(I)<C [ \x\f-"-(l + \xn-\tp{8,x)\dx 



=C( / \x\i- a -(l + \xn-\<p(8,x)\dx 

IB(A- 1 / N r) 

\ x y a ■ \<p{a,x)\dx 

B(A- 1 / N r) c 

From the condition 7 < (a — u>), we have decreasing of the functions | • | 7_a and 
I . |7-q+w Also, note that L°° and L 1 norms are decreasing and A" 1 ^ ■ r < 1 from 
A > 1 and r < 1. Thus we have 

<c[{A- 1 / N ry- a+N • (1 + {A- x ' N rY) ■ \\y{s)\\ L eo 

+ (A-V N ry- a \\<p(s)\\ L i + (A-V N ry- a +"Ms)\\ L1 ) 

^CA^r^-". 

Likewise, for the case a > 1, Lemma 12.11 with 7 < a — (y + Li) gives us the same 
conclusion. Then, we have (f2"3"f thanks to the initial condition J RN \ip(0, x)\\x\' y dx < 
r>. □ 

STEP 3. L°°-condition. 
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Lemma 3.4. There exist two constants 8l°° > and Cl^ > such that, for any 
s £ [0, min{<5L°°? ,Q , T}}, we have 

(24) Ms, OIUoo^) < A(i _ CW*£) 
where Cl°o does not depend on A as long as A > 1. 

Remark 3.2. This lemma is proved by using the lower bound of ([3]), which gives 
us some regularization effect. We follow a similar argument of Theorem 4.1 in the 
paper Cordoba and Cordoba [llj . which showed a L°° decay for smooth solutions 
of the 2D surface QG equation. 

Proof. First, we define M(t) := \\ip(t, -)\\l^- We claim that there exist Si > and 
C\ > such that for any t £ [0,5ir a ] satisfying M(t) > \^r, we have 

(25) ^)<^(1-Ciil#i). 



To prove the above claim (|2"5)l . first pick any t £ (0, T) such that 

1 A 

2 ' 7 r 



M (t)> n „• 



Then we know M(t*) > i^r for all t* < i fr om Lemma |2~3"1 It can be easily proved 
that there exists a point xt such that \<p(t, Xt)\ = M(t). Indeed, because our kernel 

lies in C^ x y ([0,T] x W x W)j with ip a e 5, we can show ip £ for every 

integer <i > by standard energy estimates. In particular, (pit,-) £ i? b for some 
integer b > (N/2) for every time. Then, </?(i, •) vanishes at the infinity thanks to 
a Fourier transform argument. Since (p(t, ■) is continuous, there exists a maximum 
(or minimum) point. 

Then, for almost every time t £ (0, T), there exist a point it such that \<p(t, x t )\ = 
M (t) with the following inequality: 

d f (f|) (*,£,) if vj(t, £ t ) =M(i), 

-M i < < V 7/ \ 

dt \ -(^) if ¥>(*,2t) = -•&*"(*) 

(this can be proved by following the argument of |llj). 

We assume the first case ip(t, Xt) = M(t) > (the other one can be dealt in 
similar fashion). Then 

jM{t)<(^){t,x t )<-T t K {y{t,-)){x) 
(26) = ~ J N (v(*>*t) - f{t,y) S jK(t,x t ,y)dy 

< _ A -i / ^jV-£*>y> dy = -A- 1 ■ (*). 

We used the fact <p{t, x t ) — (p(t, y) > with the lower bound of the kernel ([3]). 



Let R be any number between and £, which will be chosen soon. We sep- 
arate the ball Bn(xi) into two disjoint regions fJi and O2 by the following way: 
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(ip(t,Xt) — ip(t,y)\ > 7£(p(t,x t ) implies y 6 fii. Otherwise, y € O2 ■ Then we have 
the following upper bound of measure of rZ 2 ; 

2 /" M(t) , 2 /• . , , 2 „ . ,„ 2 

^ - 1 — dy * m Lj {t ' v)dy - MW) Mtr)hm - mr 

As a result, from R < £, we have 

" i| it -,i<fl. |5t - y\ N+a ~ J a , \Sh - y\ N+a 

M(t) lo ,_ M(i) , |D |0 |W M(t) d7V 2 . 



> 7777^1^1 = 7777^(1^(^)1 " |fia|) > T^WTtAVnR 1 



2 RN+ a < " 2R N + a " xy n 1 u ~ 2R N +<* K " M{ty' 
Now we choose R by VnR n = j^m • 2. Then, it is clear that R < C because 

M(t) > |£ > > i and R = (j^) < (^j < C by Coming 
back to (|2l)|) . we have 

4«W < -A-mOfcrf- - W5=ri - -A-^ ■ ^ - -A- 1 



dt w - 2i? JV +« v M(t) ' 2R N + a M(t) R N + a 



-A 



Solving this differential inequality, we obtain 

M(t) < M(0) ( 1 + C ■ M(0) Q/Ar • tj 
From the fact ±^ < M(i) < M(0) <^,we have 

For any p > 0, it is easy to see (1 + x)~ v < (1 — \px) for < x < C p . Thus, we 
have 

7* V r a / 



as long as t < C^ 1 A- a / N r a . By taking <5i := C^A-**/ 1 *, we proved the claim (|25|) 
under the assumption M(t) > 

Thanks to ([25]) . the whole case ([24]) can be achieved easily by taking 5l°° '■= \$i 
and Cx°o := Ci. Indeed, if M(t) < \^w, then we have 

as long as t < \G^ x A~ a l N r a = \& x r a . 

□ 

STEP 4. .^-condition. 

Lemma 3.5. There exist two constants S L i > and C^i > such that, for any 
s € [0, min{<5kir a , T}], we have 

(27) M* r )|| £1(R *) < (1 - C L1 • 
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where C^i does not depend on A as long as A > 1. 

Remark 3.3. In this time, we obtain L 1 decay by using the lower bound of the kernel 
([3]). In general, without the mean zero property, we do not expect L 1 decay (refer 
to However, with the mean zero property, we can manage certain amount of 

cancellation of the Z^-norm. This idea comes from the argument in |18) where L 1 
decay for mean-zero solutions for the 2D-SQG equation in a periodic setting was 
obtained. 

Proof. First, by using (|23|) . we can find 82 such that L N \(p(s, x)||x| 7 c?x < j^r 7 for 
all t £ [O,^"]- i.e. we take 82 so small that C conc A~^ 1 82 < 

We claim that there exists a constant C2 > such that for any t £ [0, c^r"] 
satisfying \\tp(t)\\ l i {r n } > ^, we have 

(28) ||^,.)||l 1(R «)<(1-C 2 -^). 

To prove (j2"5)) , let t £ [0,<52r a ] satisfy OIIlmr") — To- F° r simplicity, we 
define a := (II) 1 / 7 . Then, from (fl4|) . we know 

(29) 2a < ( 

and the following estimates hold: 
(30) 

8 f 3 f 3 

\ip(t,x)\dx > — , / <p + (t,x)dx > — , and / ip~ (t,x)dx > 



B(ar) 10 J B (ar) 10 J B(ar) 10 

where / + := max{/, 0} and / _ := max{— /, 0}. 

Indeed, from the concentration condition, we obtain the following upper bound 
of L 1 -norm outside of the ball B(ar): 

tp(t,x)\dx = / \<p(t,x)\\xr\xrdx < ^(ary = 1. 

B(ar)C JB(ar)C 1U 1U 

Then, thanks to the mean-zero property, we get the following lower bounds of 

IMUl(B(ar)) ; ||v + IU 1 (S(ar)) and 1 1 (p~ \\ L 1 (B(ar)) ■ 

f 9 18 

ip(t,x)\dx = \\<p(t,-)\\ L i {R N ) - / \ip(t,x)\dx > — - — = —, 

B(ar) JB(ar)C 10 10 10 

/ <P (t, x)dx — \ ip T (t 1 x)dx— / (fiftjX^dx 

JB(ar) JR N JB(ar)C 

= 7rll¥'(V)||£i(it )V ) - / (pfax^dx 

2 JB{ar) a 

1 f 9 13 

> dl¥>(V)IUi(RW) ~ / \<p(t,x)\dx > — - — > —. 

1 JB(ar)C 20 10 10 

We denote symbols D S +: D S _ and S s by 

D s ± = {x £ R N \ ±<p(s,x) > 0} and 
S s = {x £ R N \ (p(s,x) = 0}. 
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Then, we have 



4/ \p(a,x)\dx = [ ^-\ip(s,x)\dx = [ (l D *, (x) - Id*_(x)) (d t ip)(s,x)dx 
at j r n j r n at j r n / 

(l D . + (x)-l D ._(x))T?(<p(8,-))(x)dx 
(l D s (x) - l D s_(x)) / [ip(s,x) - tp(s,y)]K(s,x,y)dydx 

(l D s + (x) - l D *_ (.x)) - (l D . + (y) - 1 D ,_ (y)) ] (^(s, S ) - y)) ■ 



R N Jr n 



K(s, x, y)dyda 



m N Jm N 



(*)dydx 



where we use the simplification (*) 



(x) - lot (x)j - [Id*, (y) - loi (y)) (ip(s, x) - tp(s, y)j ■ K(s, x, y) 



Then, we split the above integral into 9 components: 



l r 

2 



l r 

2 



(*)dydx 4 
(*)dydx 
(*)dydx 
(I) + (II) + ■■■ + (IX) 



(*)dydx 



(*)dydx 



(*)dydx + J / (*)dydx 
J S° JD*_ 



(*)dydx + / / (*)dydx 

D*_ JS S JD S _ JD'_ 



We will prove the inequality: \ (J) + (II) H V (IX) > C 2 ■ r~ a , which will 

imply the claim ([28]) later. First, we observe that (I) = (V) = (IX) = by the 
definition of (*). 

Second, we have (II) = (IV) by symmetry of the kernel. Indeed, 



(II) 



(*)dydx 



ip(s, x) ■ K(s, x, y)dydx 



ip(s, x) ■ K(s, x, y)dxdy 



S* JD* 



IS* JD* 



f(s,y) ■ K(s,y,x)dydx 



<p(s, V) ■ K(s, x, y)dydx = (IV). 
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Likewise, we have (VI) = (VIII) and (III) = (VII). Thus, we have 



(/) + (II) + ■■■ + (IX) = 2 (IV) + (VI) + (III) 



= 2 
= 2 
= 2 



(*)dydx 



S s JD 



(*)dydx 



s* JD 



(*)dydx 



(*)dydx + / (*)dydx 

JD* JD S 



(*)dydx 



(*)dydx =2[(D) + (B)} 



where the third equality follows f Ss j s „(*)dydx — (V) = 0. 

In order to use the lower bound of the kernel ([3]), we need to restrict the above 
integral on a subset of {\x — y\ < £}. For this purpose, we define the subsets D+,D S _ 
and S s by D± = D± n B(ar) and S s = S s D B(ar). Then, if x,y € B(ar), then 
\x — y\ < 2ar <2a<Q from (|29|) . Thus, from the lower bound of the kernel ((3|), 
we have 

(£>)=/ f (*)dydx 

Is s JR N 

(0 - 0) - (lz,. (y) - 1 D ._ (y)) ] (-^(s, y)) • K (s, x, y)dydx 
\f(s,y)\ ■ K(s,x,y)dydx 



S s JR N 



> A" 1 



^ {s \ y Jl a dydx>A- 1 (2ar)-^ [ \\<p(s,-)\\ L i {B{ar)) dx 

S* JB(ar) F — V\ JS S 



A- 1 ■ (2ar)-( N +^ ■ \S S \ ■ \\<p(8,-)\\ L x (B(ar)) > A" 1 ■ (2ar)^ N +^ ■ \S S \ 
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where, for the last equality, the estimate ([30]) was used. 
Also, we have 



(B)= / (*)dydx 
Id* jd s 



(l D s + (x) - o) - (o - l D s_ (yfj (ip( s , x) - tp(s, y)j ■ K(s, x, y)dydx 
(if(s, x) - ip(s, y)j ■ K(s, x, y)dydx 



ip(s, x) ■ K(s, x, y)dydx + 



-ip(s,y) ■ K(s,x,y)dydx 



2[(B l ) + (B 2 )]. 
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We can obtain the following lower bound of (Si) by the following way: 



(Bi) = 
> A" 1 



y>(s, x) ■ K(s, x, y)dydx 



d± Jd s 



D a JD 



ip(s, x) ■ K(s, x, y)dxdy 



D± JD 



\x-y\ N +<* 



dxdy>A- 1 (2ar)^ N +^ f \\<p + (s,-)\\ L i {B(or)) dy 



>K-\2ar)-^ N+a ^\b s L\-^. 
Likewise, for (B 2 ), we have (B 2 ) > A" 1 • (2ar)-( N+a ^ ■ \D{\ • ^. 



Now we have a desirable estimate for 



(I) + (II) 



(IX) 



1 

2 

> 



(I) + (II) + ■■■ + (IX)\ = [(IV) + (VI) + (III)\ = [(D) + (B)} 
A- 1 • (2ar)-( JV+a ) • \S S \ ■ A 

+ 2(A" a • (2ar)^ N+a "> ■ \D S _\ ■ ^ + A -1 • (2ar)^ N+ ^ ■ \D%\ ■ A 



> A" 1 • (2ar)^ N+ ^ • — • 
V ' 10 



|5 S | + \DL\ + \D$ 



> A 



-^.(2ar)-^-^-((ar) N -V N ) 



= C 2 -r- a . 



It prove the claim (|28p. under the assumption ||<^j(t) || x, 1 (k.-^) > Tfp because 

IIvWIUmr") = IIvWIUhk^) + y ^H 1 ^^' ')IUi(R«)ds 

< 1 + C 2 • • 4 for any t € [0, 6 2 r Q ] . 
On the other hand, if ||y(f)| 

9 



< jq, then we have 



llv(*)l 

The 

C 2 , we finish the proof of Lemma 13.51 



,<55<(i-c a .^) 



as long as i < jqC 2 1 r Q . Therefore, by taking S^i := min{(5 2 , yqC 2 x } and C^i 



□ 



STEP 5. Combining all conditions. 



Now we are ready to finish the proof of the main proposition 13. II In STEP 2-4, 
we proved that 



(31) 



\v(s,x)\\x\tdx < r\l + C conc A——) for a € [0,T), 



.4 



(32) M S ,.)||l~(r«) < — (1-Cl»^— ) forse [0,minL5 L ~ -r Q ,T}], and 



(33) \\<p(s,-)\\mR»)<(l-C L i-— ) ft**e[0,min{a £l .r a ) T}]. 



PERSISTENCE OF HOLDER CONTINUITY FOR INTEGRO-DIFFERENTIAL EQUATIONS21 



Note that the constants Cli,Cl,°°, and C CO nc are independent of A as long as 
A > 1 while 6 1,1 and 8l°^ depend on A. We define S3 := min{5i,i, 5l°°} so that 
the above three estimates (f3"Tj) . (13"2")) , and (|33p hold at the same time for all s £ 
[0, min{(53r a , T}]. Without loss of generality, we can assume C^i = Cl°° < C conc . 

Recall that we are looking for j3 > and z(r, s) such that </?(s) e IA Z . Thus, 

from Definition 12.31 of U r and from the above three estimates (|3"Tj) , (|32"|) , and (l33l) , 
we need the followings: 

r 7 (l + C conc ^4) ^f-)^ 7 ' 

(34) -1(1 - Cl ~A*±) <Q S . A, md 

Remark 3.4. (|34l) is equivalent to 

(35) r(l + C conc A^ ^) 1/(7 " W < «, 

(36) z<r(l-C L ~A%-^y 1 / (N+f! \ and 

(37) z < r( i„c L1 -^)- 1 /' 3 . 

The power of ^4 in ([33)) is strictly less than that of A in (f31)|). This fact is cru- 
cial because we can choose A large enough to hold (1351) and (f36|) at the same time. 
Then we can make j3 small enough to hold (|37|) . too. We will now give all the details. 



We take any A > 1 large enough to satisfy the inequality: 

-{N + {1/2))- C conc A^ <C L ~A%. 
7 

In addition, we take any /3 £ (0,7/2] so small that the following inequality holds: 

4 s-a 
-/3-C conc A— < C L i. 
7 

Finally, we define a constant L by 



2 <^ 
£ ;= 7; ■ C conc A N 

7-/? 



and a function z(r, s) by 



■s 



z(r,s) :=r(l + L— ). 
For the Concentration-condition, from (II) of Lemma I3.2| we have 

\<p(s,x)\\x\idx < r*(l + C conc A^^) = 



& 



1 — s 
1 + — r— L ■ — 



< r 1 




7-/9 












yd 







where the last inequality holds as long as for s < (1/L)r a . We define £4 
mm{<5 3 , (!/£)}• 
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On the other hand, from < (3 < j/2 < 1/2, we observe the followings: 

(38) 2-(N + (3)-L< -{N + {1/2))- CconcA 5 ^ <C L ^A^ and 

7 



(39) 



j3 ■ L < -p ■ C conc A— <C L i. 
7 



For the L°°-condition, from (|38[) and from (I) and (IV) of Lemma 13. 2\ we have 
Ms, .)|U~ (K .) < A(i _ Cll o.A*±) <A.\l-2.{N + 0).L.±; 



< 



A_ 



1 + 2 ■ (N + p) ■ L ■ — 



-i A 



< 



,N 



1 + L- — 



-(N+/3) 



~z) ' z N 



for s G [0,mm{S 5 r a ,T}} where S 5 := mm{5 4 , (1/L) • C}. 

For the /^-condition, from ([39]) and (I) and (III) of Lemma [3~2l we have 



\\<p(s, 0IIli(r«) 
for s G [0,mm{5 5 r a ,T}}. 



<(l-C L ,—)<l-p-L- — = (-Y 
~ y h r a ~ r a \zJ 



Together with the mean zero property of ip in STEP 1, we proved for any s G 
[0, min{5 5 r Q , T}] with r G (0, 1] and for any ip G U r , we have the evolution estimate 



<f(s) G 



U, 



(i) W « 



which proves ([2"T]) . 



It remains to prove ([2"2"]> . Let r = 1 (i.e. ipo e Wi). Note that Lemma T3.3I holds 
for all time s G [0,T) and LP norm is decreasing all time s G [0,T) and for any 
1 < p < oo from (II) of Lemma 12.31 Thus we have cp(s) G (1 + Ls)U\ for all 
s G [0, T). This is the end of the proof of Proposition 13. II 

□ 



4. Proof of the part (77) of Theorem 11.1 



Proof of the part (II) of Theorem \l.l\ Let t be any time between and T . Thanks 
to (II) of Lemma 12.41 and (II) of Lemma 12.31 the only thing we need to do is to 



find an estimate on r ^ 



L 3 w(t,x)(p (x)dx 



for ip G S D U r with < r < 1. From 



Proposition 13.1] we have a smooth solution cp on [0, t] correspoding to the initial 
data ipo with the kernel K^' , which is defined by K^(s) := K(t — s) (see the 

definition ([20])). From Lemma [231 we want a control on r~$ J R3 wo(x)tp(t,x)dx 

Indeed, 

(40) 



IMv)IIc/>(r") <c- (ikv)IU- 

< C- (\\wo\\l°° + 



sup r 

VoeSnWr-.CKr^l 



sup r 

(p eSnu r ,o<r<i 



-0 



w(i, x)<po(x)dx ^ 
wo(x)tp(t, x)dx 
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Remark 4.1. The main idea is to repeat (|21|) as many time as we want until the 
time evolution reaches the given time t € (0, T). For example, as long as si < 5r a , 
S2 < 6z(r, si) a , and z(r,si) < 1, we can repeat Proposition 13.11 twice to get the 
following time evolution: 

ip(0) € U r => <p(si) € ( T r ) U z (r, si ) 

V z(r, S\)J K ' 

, \ ( r \ ^ I z ( r , s i) A* 3 ,, 

* ^ + S2) G llMO ) X Uz(r, ai ),8 2 ) ) W «W^).-) 

= (z(z(r, r Sl ), S2 )) U '«™)>«)- 

However, when z(r, s) reaches 1 before the given time t, then we cannot use (|2ip any 
more. Instead, we need to use (|2"2"|) . which grows as time increases. For this reason, 
we obtain only (|42[) first which depends on t. This defect is overcome by investigat- 
ing the evolution of the L 1 norm of tp(s) (see (|44D ). Since this examination requires 
a careful estimate (|43p for repetitions of (|2ip. we present a rigours argument below. 
As a result, the final estimate is independent of the length of time interval (see (|46p). 



Define a constant 77 := (1 + L ■ 6) > 1. For each r € (0,1], we define the 
integer k = k(r) > 1 such that r ■ rf -1 < 1 < r ■ r] k . Also define z n = z n (r) for 
n = 0, 1,2, • • • ,k - l,k by 

j r-r] n if 0<n<(fe-l), 
Z " ~ j 1 if n = k. 

Note that r = zq < z± < ■ ■ ■ < Zfe_i < 1 = Zk- 

We foid t = t(r) € [0,5r a (rj a ) k - 1 ) = [0, 8(z k -i) a ) such that z fc _i(l + L (z j" i)a ) 

= 1, which is always possible because Zk~i < 1 < Zfc-i • (1 + L , k ~ 1 ) a ) = Zk-i ■ ti. 
Also define t n = t n (r) for n = 0, 1, 2, • • • , fc — 1, fc, fc + 1 by 

{S-r a ( {ri °r_i 1 ) if0<n<(fc-l), 
(tfc-i+t) ifn = fe, 
00 if n = fe + 1 . 

Note that, for 1 < n < {k - 1), 

t n = Sr a (l + if + {i 1 a f + ■■■ + (f 1 a ) n ' 1 ) 

= 5r a + (5r Q r/ Q + 5r a (r] a ) 2 + ■■■+ Sr ^ )™- 1 
= 5(z ) a + S( Zl ) a + ■■■+ <5(z„_ 1 ) a and 

tn — t n -l — (5(z„_i) Q . 

Now we make a partition of [0, 00) C M 1 by 

[0, 00) = [t , h) U [txM) U • • • U [tfc_a, tfc-i) U [*»,_!,**) U [t k , t k+ i) 
where these union are disjoint. 
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Finally, we are ready to apply the main proposition 13.11 as many time as we 
want. Indeed, if t € [t n ,t n +i) with < n < (k — 1), then we can repeat the main 
proposition 13. II so that we obtain 



t—t n 



Moreover, because 

(41) fP(*fc)e(^)V = ©V 

we get, for the case t € [tfc,tfc+i) = [ife; oo), 

,/3 



-(i + L(t-t k )) 



From the above argument, for any fixed r G (0,1], we can extend the function 
z = z(r, s) of Proposition 13. II up to all s G [0, oo) by 

| z n {l + L-f^t) for se [t„,*„+i) with 0<n< (k-1), 
1 1 for s G [tfc,tfc+i) = [ife,oo). 



p(t)e(-)*'-(l + L-(*-*k) + )-W». 



In terms of the function z, we obtained 

J 

^Z' 

As a result, we have 

w {x)ip(t, x)dx < (^) ' (1 + L ■ t) ■ z 13 ■ \\w \\ c i3 (n N } 

= r 13 ■ (1 + L ■ t) ■ \\w \\cP(-r.x')' 
From the observation (|4U|. we have proved, for any t G [0,T), 
(42) \\w{t, ■)\\cf>(w^) <C ■ (1 + L-t) ■ \\w Q \\ C f> {R N ) 

where C does not depend on t. Note that this estimate blows up as t goes to infinity. 

We can overcome the above blow-up defect by obtaining the evolution of L^norm 
of f(s). Indeed, for the case t < tk, i.e. for t € [t n , t n+ i) with < n < (fc — 1), the 
function z(r, t) is bounded below by C ■ i 1 /" where C does not depend on r g (0, 1]. 
Indeed, 

(z(r, t)Y = (z n (l + L ■ t - r ^)) a > {zn) a = (r • rf ) a = r a ■ 

> r^±)sr" . ((^) w+i - 1 ) > r^) Wl > (r ~ 1 



?7<5 / (r/ Q — 1) \ r/S / \ r/S 

Recall that cp(t) G (r/z)' 9 • W z for any i < Thus, thanks to (|43p . we have the 
evolution of L 1 -nonn ||p(i)||£i(RW) < (r/z)' 3 < C • • t^A*. 

On the other hand, from (|4Tj) . we have H^^Hl^r™) < r/3 - Thus, from (II) of 
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Lemma E31 we get ||<p(i)|| z,i(rw) < r as long as t > tk- Therefore, we have a 
control for any t G (0, T): 



(44) 



W (x)(fi(t,x)dx < \\w \\ L ao( n N) ■ \\(p(t)\\ L l(U^) 

<C -r ■ max{l, • \\w Q \\ L <~ {k n } . 



Thus, from (|40|) . we have 

(45) \\w(t, Ollc^R") < G ■ max{l, ^} ■ \\w \\ L o 
where C does not depend on t. Now we can combine (|42|) with (|45|) to get 

(46) '^ C,3 ( MJV ) - C ' min {max{l, ^}, (1 +L ■ t)} ■ \\w \\ C f, (R N ) 

< C ■ ||wo||c-9(r«) for any t G [0,T). 

Similarly, we can prove ||<^(t)||j,oo(gj\r) < C ■ r@ ■ max{l, t[N ^ p) / a }. As a result, 
from (l40l). we have 



□ 



(47) ||w(t, Ollc^R") < c(||wo||l-(r«) +max{l, (Jv ^g )/a } • IKIUi(r") 

5. Appendix 

5.1. Proof of the part (J) of Theorem 11.11 

Proof of the part (I) of Theorem li.it In this subsection, we suppose that the ker- 
nel K satisfies not the weafc-(*)-kernel condition in Definition 1 1 . 21 but the (*)-kernel 
condition in Definition 11.11 (we recall that the latter condition implies the former 
one). Note that the kernel K does not need to satisfy (flO|) any more. Thus, we 
first construct a family of kernels K c keeping all the parameters of the (*)-kcrncl 
condition uniformly in e > 0, and satisfying (|10[) . Then we use the conclusion of 
the part (II) of Theorem HH 

We define $ by $(t,x,y) := & 1 (t)$ 2 (x)$ 2 (y) for t G R and x,y <E R N and 
$ e (-) := e~ (2Ar+1) $(-/e) where $ 1 and $ 2 are standard mollifiers in R and R N , 
respectively. Let (wo) e := wq * $ 2 and h(t, x, y) := k(t, x, y — x). Then we define a 
family of kernels by h e := h e *t,x,y where 



h e (t,x,y) 



h(t, x, y) for \x - y\ < (1/e) with t G [0, min{(l/e), T}\, 
A -1 otherwise. 



Since \h e (t, x, y)\ < A(l + e _w ) < oo for all t, x and y, we observe that k e (t, x, z) := 
h e (t,x,x + z) satisfies the condition (flu) . 

For each e <C (/2, the associated kernel K e (t, x,y) := k e (t, x, y—x)-\y—x\~( N+a > 
satisfies the (*)-kernel condition on the same parameter set of the original kernel 
K except £ e := (/2 and A e := 2 A (for a > 1, we assume further e <C s /2 and 
(so) e := so/2). Then, we can construct a weak solution w e corresponding the kernel 
K e and the initial data (wo)e, and this solution w e is smooth since fc e satisfy (fT0|) 
(for existence, see [21] or refer the approximation scheme in [4] while smoothness is a 
consequence of a standard energy argument). Thanks to the part (II) of Theorem 
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11.11 these solutions satisfy ([7]), (jHJ, and (j9]). As a result, we can extract a limit 
function w, which is a weak solution for the original kernel K and the initial data 
w Q . □ 



5.2. Proof of Theorem Ol 



Proof of Theorem ] For convenience, we define a function g by g(x) = G(x) ■ 
\x\ N+a . In addition to all the assumptions of Theorem II .21 we assume further 

(48) 6» G C 00 ^), g G C^QPO, and G C°°(I). 

Then there exists a weak solution of (TTTT) in global time and it is smooth. Indeed, 
for existence issue, we refer to Benilan and Brezis [3] or the appendix in the paper 
[4]. Smoothness follows a difference quotient argument. 

We will show that the conclusions of Theorem 11.21 hold for this smooth solution 
9. Moreover, it will be clear that the constants C and (3 depend only on the pa- 
rameters in the hypotheses of Theorem 11.21 and they are independent of the actual 
norms coming from the above additional assumption (|48|) . Thus the conclusions of 
Theorem 11.21 without (j48|) follows by a limit argument. 



Remark 5.1. Indeed, if we do not have (|48[) . then we regularize 9o,g, and 4> first: 
(0 o )e := 0o * g e -=g e *$l, and <f> £ ■= <$> * ®l 

where $ 1 and $ 2 are mollifiers in R 1 and R , respectively, and g e is defined by 

5 e (x) := \ 9 ^ lf ~ ^ 1 ^ £ ' ) ' As a result, we obtain (ggj for (9 ) e ,g e , and 
I otherwies. 

Moreover, for any e < (C/2), all the assumptions (the parameters) of Theorem 11.21 
still work for for (9o) e ,g e , and <j> e except we need to replace the original ( by (/2 
for the condition (IT21). 



We take a derivative (D e 9 := w) on the equation (fTTj) so that we get the following 
equation 

d t w(t, x) - [ (w(t, y) - w(t, x))<j>"(9(t, y) - 9{t, x))G(y - x)dy = 0. 

By putting K(t,x,y) := <fr'' '(9(t,y) — 9(t,x))G(y — x), this function w(= D e 0) solves 
the linear equation (|T|). Moreover, it is easy to see that this new kernel K satisfies 
(EJ) , d3jl , and (ITU1) directly (a rigorous proof can be completed by using the differ- 
ence quotient argument, which is contained in [4]). Then, Theorem 1 1.2 1 for the case 
a < 1 follows once we apply the part (//) of Theorem II .11 to w. 
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For the the case a > 1, we need to verify the cancellation condition ([5]) to get 
the uiea/c-(*)-kernel condition. Let s <E (0, 1), t £ [0, T] and x £ K . Then, we have 

/ k(t,x,sa)ada = / K(t, x,x + sa)\sa\ N+a ada 
Js N ~ 1 Js N - 1 

I cj>"(6(t,x + so-) - 9(t, x))G(sa)s N+a 
Js N - 1 



ado 



+ / </)"(e(t,x + sa) -6(t,x))G(sa)s N+a crda 



where 5+ _1 and S^" 1 are upper and lower hemispheres, respectively. Then, by 



symmetry of G(-), 



0"(fl(t, x + sa) - 0{t, x)) - </>"(0(t, x-sa)- 0(t, x)) G{sa)s N+a ada 



We use the assumption <j>" € C": 



< 



< 



fl(t, a + so-) - fl(t, a - so-) G(so-)s iv+t >|cfcr 



_J0"]C(M) • ||V^(t)||£ r 2so- 
<^Vwl|Veo||£»--s/A.a". 



C7(scr)s iV+a d(T 



(1 + s^)dcr 



< C • M • VX • s" • (1 + 8 U ) < C ■ M ■ VI • s v 

where the proof of non-increasing of ||V0(i)||£o° is in the part (77) of Lemma[ 
By putting r := C ■ M ■ VI with so := 1, we get the condition ([5]). Then, we apply 
the part (77) of Theorem II .11 to w. 

□ 
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